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A remark on symmetry of stochastic dynamical systeins
and their conserved quantities
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Institute of Mathematics, Rubr-University Bochum, D-44780 Bochum, Germany

Received 24 April 1995

Abstract. The symmetry properties of stochastic dynamical systems described by a stochastic
differential equation of Stratonovich type and related conserved quantities are discussed,
extending previous results by Misawa. New conserved quantities are given by applying
symmetry operators to known conserved quantities. Some detailed examples are presented.

Symmetries and conserved quantities have been discussed in the framework of Bismut’s
stochastic mechanics [1] and Nelson’s stochastic mechanics, see, e.g., [2—4]. More recently
Cruzeiro e 4l [5] and Nagasawa [6] have discossed stochastic variational principles and
associated conserved quantities in the theory of Schrédinger processes (Euclidean quantum
theory, in the sense of Zambrini, see also {7]). In [8] (a stochastic version of [9]) a theory
of conserved quantities related to a stochastic differential equation of Stratonovich type has
been presented, without referring to either Lagrangians or Hamiltonians. In this paper we
investigate the symmetry of the stochastic dynamical differential equation and the space of
conserved quantities. We derive new results on conserved guantities which include the ones”
in [8]. It is shown that the conserved quantities are related to the symmetry algebra of the
space of conserved quantities,

‘We consider the stochastic dynamical systems of Stratonovich type [10] described by
the following n-dimensional vector-valued stochastic differential equations:

dx, = b(x, 2)dt + ) _ g (x;, 1) o dw] (1)
r=l1

where x; is a R"-valued stochastic process, w, = (w{ )/, is a R™-valued standard Wiener
process, b = (b')'_| and g, = (g!}7_, are R"-valued smooth functions, r = 1,...,m,
satisfying restrictions at infinity allowing the existence and wvniqueness of solutions of (1),
with given (deterministic or stochastic) initial condition x,|,—p = xp. Let F = C3(R" x R).
A function I € F is called a conserved quantity of a stochastic dynamical system (1) if it
satisfies

Ad(x, 1) =0 A, )=0 r=1.....,m )

where A, = 8,+3 » '3 and A, = Y1, 59, when x; satisfies (1). By Ito-Stratonovich’s
formula equation (2) implies that dI(x;,?) = 0 and [(x;,t) = constant holds along the
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diffusion process x;, the constant being independent of z, but possibly depending on the
initial condition xg. If the initial condition xp in (1) is taken to be deterministic, then [ is
a deterministic quantity independent of time. '

In investigating the symmeiry of the stochastic dynamical process (1), we would like
to distinguish between the symmetry of the stochastic differential equation (1) and the
symmetry of the space of conserved quantities. We first consider the former. Let ¢ > 0
and § = ()L, € F.

Theorem 1 For ¢ sufficiently small the stochastic differential equation (1) is invariant
under the following transformations:

x:—>xf+e§i(x,,t) i=1,....n 2)

if the £i(x;, 1) satisfy

n

Bt @ t) = 3¢ G, )b (3, 1) = O

=1

~ . n - o (4)
A, ) =) U@ Dgix =0  r=1...m
=1
Proof.  Under (3) equation ¢{1) becomes (writing { as a shorthand for ¢(x,, 2))
m
d(xl +er’y = dx! +edg’ = b (x: + €, )dt + Zgi(x, + €z, 1) odul
re=]1
J.] . i Ji:}
= b, 1)t + Y €078;b (x, )AE + Y g, 1) 0 du]
=l r=1
m ] i .
+ Y3 etl8gl(x, 1) o duf + o(e)
r=1 j=I
with e ' o(¢) — 0 as € | 0. That is
N n - m " ’ a
atf =) e (i, )de + ) D /el y o duf
i=1 r=1 j=1
On the other hand, by the formula for Stratonovich differentials we have
m
d¢' = Agldt+) Az odu).
r=1
Combining the above two equations we obtain equations (4). O

~ Leta',i =1,...,n and g, all belong to F. Then an operator S = ¥ 1_; @'8; + ad,
(acting on C!(R” x R)-functions) is by definition a symmetry operator of the infinitesimal
invariance transformation (3) of the stochastic equation (1) if § satisfies, on C'(R* x R)

[5,x]1=¢"=d - &)

where [, ] is the Lie bracket and ¢ satisfies equation (4).
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For the symmetry related to the space of conserved quantities of the stochastic dynamical
pracess (1), we consider a linear operator L satisfying the following commutation relations
on CHR" x R):

m - n
(AL L)=TA+) T%Ay  [A,LI=RA+) RiAy r=1...,m )

a=] a=1
where 7, 7% R,, R® € F. Let T = {I(x;,1)|dI(x,,t) = O when x; satisfies (1)} be the
space of the conserved functionals of the process. We have: ’

Theorem 2. For I € 7 and L satisfying relation (6), LI is also a conserved quantity, i.e.
Liel

Proof Asl eZ, 1 satisfies equation (2). From (6) we further have A (LI = 0,
A(LN=0,r=1,...,m Hence LI € T. O

Let £ denote the set of all operators L satisfying (6).

Theorem 3. The set £ i1s a complex Lie algebra under Lie commutators (acting on
CUB" x B)); that is, if L1, Ly, Ly € L, then:

(i) ayL1 +azls € £,V a1, a2 € C\[0},

() [Ly, L2l e L,

@ii) {L1,{L2, L3l + [La, [L3, Li}] + [L3, [L1, L2]1 = 0.

Proof Let Ly, L, € L, st,on CH{RB™ x R):

m m
[An L=Tid+ Y TFBe  [A,LI=RIA+) R*A,  i=1,2.
w=] a=l1

Property (i) is obviously as

[An 1Ly + Lol = (@ Ty + &2 T)A + Y (@ Tia +aTf)A,

a=I
and
e m -~
[Ar, 1Ly + a2La] = (i R} + @R A+ Y (@R + 2 RP)A, .
=1

By a direct calculation we have, on C'{R” x R):

n
[A;, (L1, Lo]] = (L‘Tz ~ LT +) (TfR; - T:f‘R!,)) A

a=1

n i - ~
+Z (LITZ" LI+ LTy - BIT + Z(TIJBR? - TZIBRF ) Ae
=1 =1

and

[A,, [L1, L)) = (L‘R} —L*RI+ Y (RI"R% -~ RE“R;)) A,

o=l

o3 (r.. R — LRI + RIS ~ ROTE + 3 RIRE - RfﬁRé"‘)) A,
=] A=1
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where the linear property of the operators L, and L, has been used. Therefore we get
[Li1, L2} € £. The Jacobi identity (iii) is satisfied as L € £ are linear differential operators.
[

From Theorem 2 we have that the space of the conserved functionals admits the
symmetry algebra L in the sense that it is invariant under any L € £. The space T is
a representation of the closed algebra £. We call the elements of £ ‘symmetry operators’,

Now we consider a subalgebra £y of £ with T" = R, =0, R =0, for & # r and
R’ =T in relation (6). That is, for Ly € Lo, on C'(R" x R)

(&, Lol =T A, [A,.Le]l=TA, r=1,...,m. 7

Let Lo be of the form Lo =Y ;_, A'd; + B3, with A',i =1,...,n and B belong to F. A
direct calculation shows that relations (7) are equivalent to the following equations:

AMB=T (8)
] s . - . -
AAN =3 ATY - B - TH =0 ©)
j=
and
AB=0 r=1,...,m (10)
- » L - r a .
A4l - Aol —~ Bagl —Tgl=0 (11)
Jj=1

as operators on C'(R” x IR).

We remark that in general a symmetry operator of the space T is not a symmetry operator
of the infinitesimal transformations of the stochastic differential equation. But when B =0,
then the equation set (8)-(11) reduces to the equation set (4) by replacing A’ with a’( = ¢)
and 37| A'9; is both a symmetry operator of the infinitesimal invariance transformation
of the stochastic differential equation and for the space Z of conserved quantities.

Theorem 4. Let Lo =Y., A'd; + B3 € £o. Then
10q,0) =) %A (%, 1) + 8, B(x:, £) — T (%, 1) + Lo (3, 1) (12)
i=1
is a conserved quantity of stochastic dynamical system (1) (i.e. for x; satisfies (1)), when

¢ € F satisfies

Ardlx, )+ Y 8igh(x, 1) =0 r=1,....m (13)
i=1

A, 1)+ 8 (s, 2) =0, (14)
i=1
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Proof. We have (dropping everywhere, for simplicity, the arguments x,, t)

Ad = A, (Z a,-A*') + A(Lop) + A(3 B — T)

=1

R R
Yoo (AaA) - Y KA+ ALod) + A B — T)

i=1 i, j=1

# n 1 n
= Y A3 +BY 88b +) aBab +T Y ab
i=l

fj=1 =1 i=1

i

+ Y BT + TAG + LoAd+ A (BB —T)

i=1

=(Lo+T) (E b + i_\,qb) =0

=]

A=A, (Z: a;A") + Ar(Lod) + A, (3B —T)

i=l

n n
=Y %A AN = Y 4884 + A (Lop) + A(8B—T)

i=1 ij=1

n n . ’. n . n .
= > Aaog +B) adg +> aBagl+T Y dgl
iJj=1 f=1 i=1

i=1

n
+ 3 8T+ TAp+ LoAd+ A (8B —T)

i=1

= (Lo+T) (E digl + Esrd)) =0
i=1

where equations (8)—(11), (13) and (14) have been used. Therefore by definition I {(x;, 1) is
a conserved guantity. O

Theorem 4 is a generalization of that presented in [8], not only because of the extra term
8, B —T, but also because of the presence of B in the symmetry operator Lg. For the special
case that & = g, or more generally g\ = C(x;, )b, r = 1,...,m, ¥ C(x;, ) € F (these
are the cases of the examples given in [8]), we see from (8) and (10) that ;8 — T = 0,
hence these terms disappear in the expression of 7 (x;, £}. Even in these cases equation (12)
is still a generalization of that in [8] as long as B # 0 in Le.

For a more detailed discussion we consider several examples,

Example I. Following [8] we consider the three-dimensional stochastic linear dynamical
system -

1 3_ L2 3_ .2
Xy Xy — & =&
2 1,3 t_ 3
dl x |=| x =% |dt+]| x, —x/ |oduw,. (15)

3 21 2.1
x; X =X Xy — X
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In this case the existence and uniqueness of the soluuon is well known (ges, e.g., [10]).
The system (15) has the properties g¢ = b, > &g’ = 0 and Y°_, 35 = 0. From
equations (8)—(11} several solutions of Ly satisfying (7) can be obtained with T = 0. For
instance

Lo—-(x + ] +x3)23

i=1

3
=@+ D+ Db

i=l

3
Ly = (x)x2+ x,3 +x2x}) E 9

3
=[] PO2 4+ 52 + D20 + x5 + GPOF D +3x0xEx] D6
i=1

By using theorem 4 we can deduce that the following quantities are conserved:
Iy = constant (independent of the x})

I =Iz=x,1 +xt+xl

=20 + @D + DD + T/ 5] + x5 + x2x))
where I is the conserved quanfity obtained in [8]. I3 is a new conserved quantity for the
system (15).
As A, and A, are linear operators, products of conserved quantities are still conserved
quantities. Let us set

L= —210)/3 = xpx] +xlx +xx] .
I and I are then two simple non-trivial conserved quantities of the system (15). Symmetry

operators map conserved quantities into conserved guantities. Under the actions of the
symmetry operators L;,i = 1,2, ..., we have, e.g.,

Loly =35 LI =3(1} - 213)
Loly =34 LoIi =217,

In fact Lo=1) 2?:: 8 and Ly =1I ;. In the present case r =1 and

r'-l

3
[ZBJ,A,} =0 [Zai,‘&]] =0

i=l i=l
on C'(R® x R) functions. Let f be an arbitrary polynomial function on RZ. Since
L=f(h,I) Z,_] 3; commutes with A, and A;, we have that L is a symmetry operator
in £y (defined in (7)). Hence the system (15) possesses an infinite number of symmetry
operators that are linearly independent. They constitute an algebra £y with commutation
relations which can obviously be explicitly computed, e.g.,

(Lo, n]l =4L: - Ly (Lo, Lol =2L; + L3
on C'(R* x R). As B = 0 in this example, the algebra £y coincides with the

algebra generating the infinitesimal invariance transformations for the stochastic differential
equation.
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The following examples are designed to show the useful symmetry analysis on conserved
functionals in stochastic dynamical systems. We start with a (unique) solution for small
times and show that there are conserved quantities (functionals of the solution process)
associated with it,

Example 2. Let us consider the following stochastic dynamical system:

dx} = b (x, )t + £ (x;, 1) 0 dw, (16)
with )
. _ ' 1
g = 4G + 02+ G (e~ 2ot 2n)

xi
(x: + x4+ x7)
where n,m € Z, m # 0, and by € R, We have the symmetry operators in Lo satisfying
{on C'(R* x R))
[Ats Ll} =T:A1 [519L21=1}51 l = 1,2537

(€550 — boda—2m)  i=1,2,3

with
- ;2 x:3 —Zmt
Ly =x8—x0: + W(e On,0 — Bl 8p,2m) 0
1 3 x3 — x, —2mt
Ly =x,83 ~ x; 3+ ‘—1+—_'i_'——3(c On,0 — HE8n,—2m )0 {a7n
1_ .2
Ly=x28—xlo+ ; 5 ;xs (e-z"“an,o — Rtdn eom)d;
_ ! i
and .
_ 2 = xD)
——-——- Bpg -~ Op
= Tt (e .0 —2m)
Zm(xI ) —
T 53 Spo— 8, _
x: +xt +x3( n,0 LN 2m)
2m(x2 —

- = b
t 3

where A, = E?=1 58 +8; and A; = Z;:LI 2's;.
A function ¢ satisfying (13) is given by

2m
Bl 1) = —o M

for x! # 0, i = 1,2,3. From theorem 4 we have the conserved quantities
@m + 7 = 1)) 2m(x3 — )

log (x; x2x7) + e*™ 8,0

I
te 3x2xd x, +x2+x 0
I = @m 3G — () 2m(x, —%)
2= .3 59n0
3x;, x, x, +x? + x;
L= (@m + 3)((x] )2 (x})z) 2m(x] —x2

n,0 -
3x/x} xr +x7+x}
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In this example the terms 8, B8; — T;, 1 = 1,2, 3 appearing in (12) are zero. But as B; # 0,
the term L;¢ still contributes extra terms to f;.

The space of conserved quantities of the system (16) is SU(2) symmetric. It is
straightforward to check that the symmetry operators (17) satisfy the SU(2) algebraic
relations

[Liy L] = €ijxLy i, k=123

Example 3. 'The following example is a nonlinear model with 8 — T # 0 in (12):

x} 1 x] . x} = x2)
d| »2 | = P x2 |dt+ < x2x! —x2) | oduwy t>0. (18)
xf x,3 Jc,3 (x,2 - x})

For this system we have a symmetry operator Lo € £g given by
Lo = Bd, = (x! + x> + £33,
satisfying

1
[As, Lol = TA; = ?(xf +x2 + xDA,

[A1, Lo) = TA; = —(x! + x2+ x})A,

|

where

3 i 173 2 2r..1 3 3,2 1
= X, - X - -
Af=3t+z i;-a,- A= !(x!t _xz)al+ t(xz xz)az_i_x,(x,t x')a:;.
i=]

(19)
¢ satisfying (13) and (14) is given by ¢ = —3logt, ¢t # 0. From theorem 4 we have, for
x; satisfying (18),

n
I(x,,z)=Za,-A"+8,B—T+Loq5=-;(x,‘+x,2+x,3) t>0.

i=l

Let us summarize the above. By investigating the symmetry of the space of conserved

quantities for stochastic dynamical systems, we have established new relations for conserved
quantities. We would like to indicate that although the conserved functionals are given by
the elements of a subalgebra £y of £, the space of conserved functionals itself admits the
symmetry Lie algebra £. Let us consider (18), with A, and A, given by (19), as an example.
We consider the operator L = a{x,, )A, + b(x;, )Ay, alx,, 1), b(x;, t) € F. Noting that in
present case [A,, A1 =0, we have

(A, L1 = Aca(xe, ) A, + Ab(x:, 1) Ay [A1, L] = Aa(x;, 1)A; + Arb(x,, DA, .

Therefore L is a symmetry operator in £ which maps I € I to zero. However only when
Arb(xe, 1) = Aya(x, 1) = 0 and Ayb(xy, 1) = Ava(x,, t) is L a symmetry operator in Ly,
satisfying the defining relations (7).
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